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Abstract
We study, using Monte Carlo simulations, the interaction between charged colloidal
particles confined to the air-water interface. The dependence of force on ionic strength
and counterion valence is explored. For 1:1 electrolyte, we find that the electrostatic
interaction at the interface is very close to the one observed in the bulk. On the
other hand, for salts with multivalent counterions, an interface produces an enhanced
attraction between like charged colloids. Finally, we explore the effect of induced
surface charge at the air-water interface on the interaction between colloidal particles.
Introduction
Presence of colloidal particles at a fluid-fluid interface can lower significantly the interfacial
energy, giving them an amphiphilic character. The adsorption energies can be many thou-
sands of kBT ’s even for relatively small colloidal particles of only a few hundred A˚’s, making
the colloidal adsorption an irreversible process.1 To help the dispersion in water, colloidal
particles are often synthesized with ionic groups at their surface. When in water, these
groups dissociate leading to an effective surface charge which helps to stabilize a suspen-
sion against flocculation and precipitation. The dissociation of surface groups is favored by
the entropic gain of the counterions release, and is opposed by the electrostatic self-energy
penalty. Adsorption of charged colloidal particles to the air-water interface prevents the
dissociation of charged groups exposed to the low dielectric environment since this leads to
a very large electrostatic free energy penalty.
Colloidal particles confined to an electrolyte-air interface exhibit many interesting prop-
erties which have stimulated a number of theoretical and experimental works.2–15 The first
direct observation of colloidal bi-dimensional structure was made by Pieranski more than
3 decades ago.16 Pieranski showed that the asymptotic electrostatic potential between two
colloidal particles, confined to an interface, decays as 1/r3. This repulsive potential has a
suggestive dipole-dipole-like form, which results in formation of two dimensional triangular
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lattice by the adsorbed colloidal particles. Using linearized Poisson-Boltzmann (PB) the-
ory, Hurd calculated the interaction potential between two point-particles confined to the
air-electrolyte solution1 interface. The interaction potential for large separation was found
to have precisely a dipole-dipole-like form observed in Pieranski’s experiments.1,17–21 Hurd’s
calculations based on the linearized PB equation are sufficient to study the interaction po-
tential at large separations for suspensions in a symmetric 1:1 electrolyte. However, at short
separations, when the electrostatic potential is large, linearization of PB equation can not
be justified. This requires a complicated numerical solution or some form of Derjaguin-like
approximation based on the non-linear solution of PB equation in a planar geometry. The
situation becomes even more complicated if suspension contains multivalent counterions, in
which case strong electrostatic correlations completely invalidate the use of PB theory.22
In this paper, we will explore the interaction between two colloidal particles confined to a
dielectric air-electrolyte interface using Monte Carlo (MC) simulations. In this respect, our
work should provide a benchmark against which future analytical and numerical approxima-
tions can be tested. The system studied is depicted in Fig. 1. In the next section, we will
present our model and discuss the MC method used to perform the simulations.
Figure 1: Colloidal particles at an air-electrolyte solution interface. Only colloidal hemi-
sphere which is hydrated is charged.
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Model and Monte Carlo Simulations
There are a number of different techniques developed in the literature which can be used
to simulate systems with long-range interactions. The difficulty of studying these systems
is that there is no characteristic distance at which the interaction potential can be cutoff.
This prevents us from using the usual periodic boundary conditions. Instead, to explore
the thermodynamic limit, one must create an infinite set of periodic replicas of the system.
The particles then interact not only with the other particles of the simulation cell, but
also with the images in all the replicas. To efficiently sum over the replicas one can use a
3D Ewald Summation23 method. This technique is well suited to study bulk suspensions.
Unfortunately it is not appropriate to study interfacial geometry in which a system should be
replicated only in two out of three dimensions. To overcome this difficulty, there have been
developed a number of simulation algorithms specifically adopted to the slab geometry.24–32
The 2D Ewald Summation method developed by Leeuw and Perran24 is the most accurate,
but is computationally very expensive.25,31,32 A way to overcome the limitations of 2D Ewald
Summation is to use a 3D Ewald Summation technique with an asymmetric simulation cell.
The aperiodic dimension of this cell must be made to include a sufficiently large empty
region, free of any charged particles. In this way, the particles in the replicas in the aperiodic
dimension (lets call it z direction) will interact very weakly across the empty region.33 In
order to use this technique a surface term must be added to the total energy of the system,34,35
to account for the conditional convergence of the sum over the replicas. This term depends
on the geometry of the system, the total electric dipole moment in the z direction, and the
dielectric constant of the surrounding medium.23,36–39
Our simulation cell has the volume V = L3, with L = 200 A˚. The electrolyte is confined
in the region −L/2 < x < L/2,−L/2 < y < L/2,−L/2 < z < 0, and air in 0 < z < L/2.
Water is treated as a continuum of dielectric constant ǫw = 80ǫ0, where ǫ0 is the dielectric
constant of vacuum. The Bjerrum length, defined as λB = q
2/ǫwkBT , is 7.2 A˚, where q is
the proton charge. This value is appropriate for water at room temperature. The adsorbed
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colloidal particles have radius of 20 A˚ and charge Z = −20q, distributed uniformly over the
hemisphere that is hydrated. This surface charge density corresponds to σ ≈ −0.13 C/m2,
close to experimental values. The hemispheres exposed to the low dielectric environment
remain uncharged. The salt concentration is varied between 25 and 125 mM, in order
to explore its influence on the interaction between the colloidal particles. The effect of
counterion valence is explored by changing between 1:1, 2:1, and 3:1 electrolyte. The radius
of all monovalent ions is set to 2 A˚, and of multivalent counterions to 3 A˚. To account for
colloidal surface charge, we place 98 uniformly spaced point charges – each of charge Z/98 –
along the surface .
The total electrostatic energy of a charge neutral system containing N ions of charges
qi, in aqueous medium, near a dielectric interface was calculated in the Ref.
40 and Ref.41
To efficiently sum over all the replicas the electrostatic potential is split into long range and
short range contributions. The electrostatic energy can then be written as
U = US + UL + Uself + Ucor . (1)
The short range electrostatic energy is US = (1/2)
∑N
i=1 qiφ
S
i (ri), where φ
S
i (r) is,
φSi (r) =
N∑
j=1
′
qj
erfc(κe|r − rj |)
ǫw|r − rj| +
N∑
j=1
γqj
erfc(κe|r − r ′j |)
ǫw|r − r ′j |
, (2)
where rj is the position of charge qj and r
′
j = rj − 2zjzˆ is the position of the image charge
γqj . The prime on the summation means that j 6= i. The dumping parameter κe is set to
κe = 4/L, while γ = (ǫw − ǫa)/(ǫw + ǫa); ǫw and ǫa are the dielectric constants of water and
the dielectric material, respectively. The self-energy contribution is
Uself = − κe
ǫw
√
π
N∑
i=1
q2i . (3)
5
The long range electrostatic energy is
UL =
∑
k
2π
ǫwV |k|2 exp(−
|k|2
4κ2e
)×
[
A(k)2 +B(k)2 + A(k)C(k) +B(k)D(k)
]
, (4)
where
A(k) =
N∑
i=1
qi cos (k · ri)
B(k) = −
N∑
i=1
qi sin (k · ri)
C(k) =
N∑
i=1
γqi cos (k · r ′i)
D(k) = −
N∑
i=1
γqi sin (k · r ′i) .
These functions are easily updated for each new configuration in a MC simulation. The
number of vectors k’s defined as k = (2πnx/L, 2πny/L, 2πnz/L), where n
′s are integers, is
set to around 700 in order to achieve fast convergence. Yeh and Berkowitz35 found that the
regular 3D Ewald Summation method with an energy correction can reproduce the same
results as the 2D Ewald Summation method, with a significant gain in performance. Taking
into account the dielectric discontinuity and the induced image charges, the energy correction
for the slab geometry is
Ucor =
2π
ǫwV
M2z (1− γ) , (5)
where Mz =
∑N
i=1 qizi is the total electric dipolar momentum in the zˆ direction.
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To perform MC simulations we use regular Metropolis algorithm with 105 MC steps to
achieve equilibrium, while the force averages are performed with 105 uncorrelated samples,
each sample obtained at an interval of 100 movements per particle, after the equilibrium has
been achieved. During the equilibration, we adjusted the length of the particle displacement
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to achieve an acceptance of trial moves near 50%. We then calculate the force between
two colloidal particles confined to an interface. The total force contains both electrostatic
and entropic contributions. To calculate the mean electrostatic force we use the method of
virtual displacement in which one of colloidal particles is moved while the other colloidal
particle and all the ions remain fixed, which implies that
〈F el〉 =
∑
i
〈−∇riU(r1, ..., rN)〉 (6)
In the above expression the sum runs over the point particles which make up the colloidal
surface charge.
The entropic force that arises from the transfer of momentum during the collisions be-
tween colloidal particles and ions can be calculated using the method introduced by Wu et
al.42 It consists of performing a small virtual displacement of colloidal particles along the
line joining their centers – while all the microions remain fixed – and counting the number of
resulting virtual overlaps between colloidal particles and the microions. The entropic force
can then be expressed as,
βFen =
< N c > − < Nf >
2∆R
, (7)
where N c is the number of virtual overlaps between the colloidal particles with the microions
after a small displacement ∆R = 0.9 A˚ that brings colloidal particles closer together (su-
perscript c stands for closer) and Nf is the number of overlaps of colloidal particles with
the microions after a displacement ∆R that moves the two colloidal particles farther apart
(superscript f stands for farther).43
Results
We start by study the dependence of the force between two colloidal particles trapped at
the air-water interface on the concentration of 1:1 electrolyte. We first neglect the dielectric
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discontinuity across the interface by setting the dielectric constant of air to ǫa = ǫw, so that
γ = 0. Later on we will explore the effect of the surface charge induced at the dielectric
air-water interface by the microions and colloids, by including image charges in the calcu-
lation of the total force. In this case we will set the dielectric constant of air to ǫa = ǫ0,
resulting in γ ≈ 0.975. In the present paper we will neglect the image charges induced inside
the colloidal particles44,45 – this is equivalent to making the two hemispheres of colloidal
particles exposed to air and water to be composed of “air-like” and “water-like” dielectric
materials, respectively. In Fig. 2, we plot the force vs distance curve for three different salt
concentrations.
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Figure 2: Force between two colloidal particles trapped at the air-water interface, for various
1:1 salt concentrations. Circles represent simulations with 25 mM concentration of salt,
squares with 75 mM, and triangles with 125 mM of salt. The inverse Debye’s lenght is
κ−1 = 0.05A˚−1 for circles, κ−1 = 0.09A˚−1 for squares and κ−1 = 0.12A˚−1 for triangles. The
lines are guides to the eyes. Image effects are neglected.
As expected, when the concentration of 1:1 electrolyte increases, the force between col-
loidal particles decreases. This result is the same as for colloids in the bulk electrolyte22
which are well described by the DLVO theory. We can now see if the force between two
colloidal particles at an interface can also be described by the DLVO expression:22
F =
(Zeff)
2θ2(κa)
ǫw
e−κr(
κ
r
+
1
r2
) , (8)
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Figure 3: Force between two colloidal particles trapped at the air-water interface. Lines
are the result of the DLVO theory with adjusted effective charge, while symbols represent
MC simulations. Circles are for colloidal charge −30q, while squares are for charge −20q.
The inverse Debye’s lengths of simulations are κ−1 = 0.05A˚−1. This charge is distributed
uniformly over the hydrated hemisphere. The monovalent salt concentration is 25 mM.
Image charges are not included.
where Zeff is the colloidal effective charge, a is the colloidal radius, κ =
√
8πλBρS is the
inverse Debye length, ρS is the salt concentration, r is the separation distance between
particles, and θ(x) is a function given by
θ(x) =
ex
1 + x
. (9)
Fig. 3 shows that it is possible to account for the MC data using DLVO theory if the
effective charge Zeff is adjusted to Zeff ≈ −15.6q for colloidal particles of bare charge
Z = −20q; and Zeff ≈ −18q for colloidal particles with bare charge Z = −30q. Surprisingly,
these effective charges are very close to the effective charge of colloidal particles in the
bulk which can be calculated using the Alexander’s prescription:46,47 Zeff ≈ −15.9q and
Zeff ≈ −19.8q, for colloids with bare charge Z = −20q and Z = −30q, respectively. This
agreement is quite surprising considering that for colloidal particles at the interface the
charge is distributed only over the hydrated hemisphere, while for bulk colloids the same
total charge Z is uniformly distributed over the whole surface. In Fig. 4 we present an
explicit comparison of the interaction force obtained using MC simulations for two colloidal
9
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Figure 4: Force between two colloids. Empty symbols represent MC data for colloids in the
bulk, while full ones for colloids trapped at the air-water interface. The data is for salt at
75 mM. The inverse Debye’s lengths of simulations are κ−1 = 0.09A˚−1. The lines are guides
to the eyes. Image charges are not considered.
particles confined to an interface and two colloidal particles inside a bulk 1:1 electrolyte, see
Fig. 5. The bare charge of colloidal particles of both systems are the same. The two forces
are practically identical, see Fig. 5.
The agreement between interfacial and bulk forces does not extend to 2:1 and 3:1 elec-
trolytes, see Fig. 6. In these cases, the force in the bulk is always more repulsive than at
the interface. For 3:1 electrolyte the force at intermediate separation between the colloidal
particles becomes attractive (negative). Attraction also appears in the bulk suspensions, but
is significantly weaker than at the interface.
We next explore the effect of the dielectric discontinuity across the interface on the
interaction between trapped colloidal particles. In Fig. 7, we show a comparison between
the forces when the image charges are taken into account and when they are neglected. The
induced charge at the air-water interface does not seem to affect significantly the interaction
between the colloidal particles, except at very short separations.
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Figure 5: Two colloidal particles with charge Zbulk = −20q inside bulk electrolyte.
Conclusions
We studied the interaction force between colloidal particles trapped at an air-water interface.
The high electrostatic free energy penalty of exposing charged groups to the low dielectric
environment prevents ionization of these groups inside either air or oil. Therefore, only the
surface groups which are hydrated will be ionized. For these groups, ionization is favored
by the entropic free energy gain of counterion release, while the enthalpic electrostatic free
energy penalty is lowered by screening of the exposed surface charge groups by the dipole
moments of the surrounding water molecules. In view of this, we have idealized the interface-
trapped colloidal particles as hard-spheres with the hemisphere exposed to water carrying
a uniform surface charge, while the other hemisphere remaining charge neutral. We found
that the interface bound colloidal particles in 1:1 electrolyte interact with a force which is
almost identical to the force between bulk colloids of the same total charge. The far-field
weak dipole-dipole-like interaction can not be seen in our simulations. The equality between
bulk and surface forces breaks down for colloids in 2:1 and 3:1 electrolytes, for which the
bulk interaction is always more repulsive than at the interface. Finally, we have explored
the effect of dielectric discontinuity across the interface on the inter-colloidal interaction.
For all the cases studied, we have found only a small effect of image charges at very short
11
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Figure 6: Force between two colloidal particles. Empty symbols represent the data for
colloids in the bulk, while full ones for colloidal particles trapped at the water-air interface.
Squares are for 2:1 electrolyte, while triangles for 3:1 electrolyte. The inverse Debye’s lengths
of simulations are κ−1 = 0.11A˚−1 for squares and κ−1 = 0.13A˚−1 for triangles. The salt
concentration is 75 mM. The lines are guides to the eyes. Image charges are not included.
separations between the colloidal particles. We hope that the work will provide a further
stimulus to the development of analytical methods for studying colloidal particles trapped
at dielectric interfaces between polar and non-polar mediums.
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